Abstract. In this paper we define the generalized Atiyah classes c J (E) and c O X (E) of a quasi coherent sheaf E with respect to a pair (I, d) where I is a left and right O X -module and d a derivation. We relate this class to the structure of left and right module on the first order jet bundle J 1 I (E). In the main Theorem of the paper we show c O X (E) = 0 if and only if there is an isomorphism J 1 I (E) lef t ∼ = J 1 I (E) right as O X -modules. We also give explicit examples where c O X (E) = 0 using jet bundles of line bundles on the projective line hence the classes c J (E) and c O X (E) are non trivial. The classes we introduce generalize the classical Atiyah class.
O X structure on J X/S is the universal derivation it follows the characteristic class c OX (E) is the classical Atiyah class as defined in [2] .
We prove in Example 3.10 there is no isomorphism
of O P 1 -modules on P 1 . Hence the class c O P 1 (O(d)) is non-zero for the sheaf O(d) on the projective line P 1 over a field K of characteristic zero. If char(K) divides d it follows c O P 1 (O(d)) is zero hence in this case there is an isomorphism
of O P 1 -modules. It follows the generalized Atiyah classes we introduce are non trivial.
In a previous paper on jet bundles (see [10] ) we found many examples of jets of line bundles on the projective line where the structure as left locally free O P 1 -module was nonisomorphic to the structure as right locally free O P 1 -module. In this paper we interpret this phenomenon in terms of the generalized Atiyah class.
In the first section of the paper we do all constructions in the local case. In the second part of the paper we do all constructions in the global case. In the final section of the paper we discuss Atiyah sequences and Atiyah classes relative to arbitrary morphisms of schemes and arbitrary infinitesimal extensions of O X by a quasi coherent left and right O X -module. We get a definition of Atiyah classes c J (E) and c OX (E) for en arbitrary quasi coherent sheaf E of O X -modules. Here J is an infinitesimal extension of O X with respect to a quasi coherent left and right O X -module I. The construction generalize the classical case (see Example 4.5) . In the final section of the paper we construct explicit examples. We also construct (see Example 5.6) for any smooth projective scheme X over the complex numbers a characteristic class c I (E) in K 0 (X) where K 0 (X) is the Grothendieck group of locally free finite rank sheaves on X. There is a canonical map of Grothendieck groups γ : K 0 (X) → KO(X(R))
where X(R) is the underlying real smooth manifold of X and KO(X(R)) is the Grothendieck group of the category of real finite rank smooth vector bundles on X(R). The class c I (E) lies in the group ker(γ) for any locally free finite rank sheaf E and any left and right O X -module I.
Generalized Atiyah classes for modules over rings
Let in the following φ : A → B be a unital morphism of commutative rings. Let E be a B-module. Let I be a left and right B-module with a(xb) = (ax)b for all a, b ∈ B and x ∈ I and let d ∈ Der A (B, I) be a derivation. This means d(φ(a)) = 0 for all a ∈ A and d(ab) = ad(b) + d(a)b for all a, b ∈ B. In the following we will write d(a) instead of d(φ(a)).
Let J Note: We may write
I (E) with the actions 2.2.1 and 2.2.2 be the first order I-jet module of E with respect to d.
There is an exact sequence of abelian groups
There is a left and right action of J Proof. The proof is left to the reader. Note: The exact sequence 2.3.1 was first defined in [2] in the case when I = Ω X/C , d is the universal derivation and X is a complex manifold.
Recall the following definition: Given two left B-modules E, F we define
There is a natural map
called the universal differential operator of E with respect to the pair (I, d).
Proof. Recall the following: For elements (x, a) ∈ J 1 I and b ∈ B it follows (x, a) t b = (x, a)(0, b) = (xb, ab) and
By definition
We get
) and the claim of the Lemma follows.
Recall there is a derivation
Proof. Let b ∈ B and f ∈ F . We get
and the Lemma is proved.
The sequence 2.3.1 is an exact sequence of left J 1 I -modules. We get an extension class
When we restrict to B we get an extension class Proof. We prove claim 2.10.1: Define the following map:
s(e) = (0, e).
It follows
s(e(x, a)) = s(ea) = (0, ea) = (0, e)(x, a) = s(e)(x, a) and claim 2.10.1 is proved. We prove claim 2.10.2: Assume s(e) = (∇(e), e) is a left I (E) with its right B-module structure. We say the module I is abelianized if the following holds:
for all a ∈ B and x ∈ I. Define the following product on I: a * x = xa for all a ∈ B and x ∈ I. It follows we have defined an B-module structure on I, denoted I star with the property there is an isomorphism
of A-modules. When we form the tensor product
we use the right structure on I and left structure on E. Since B is commutative it follows E has a canonical right B-module structure. The abelian group I ⊗ B E has a left and right structure as B-module, denoted
We form a new product on I ⊗ B E as follows:
for any a ∈ B and x ⊗ e ∈ I ⊗ B E. We get a left B-module denoted I ⊗ B E star . There is an isomorphism
Lemma 2.13. Assume I is abelianized. It follows there is an isomorphism
Proof. Define the following map:
and the Lemma follows.
Proposition 2.14. Assume I is abelianized. The following holds:
Proof. It follows c B (E) = 0 if and only if the sequence
is split as sequence of left B-modules. From Lemma 2.13 it follows
since by Proposition 2.10, claim 2.10.1 the sequence is always split as right Bmodules. Claim 2.14.1 follows. Claim 2.14.2 is obvious. Claim 2.14.3: From 2.14.1 we get
as B-modules iff c B (E) = 0. From Proposition 2.10, claim 2.10.3 it follows c B (E) = 0 iff E has an (I, d)-connection. Claim 2.14.3 is proved and the Proposition follows.
Hence the characteristic class c B (E) measures when the abelian group J 1 I (E) may be equipped with two non isomorphic structures as B-module.
Generalized Atiyah classes for quasi coherent sheaves
In this section we generalize the results in the previous section to the case where we consider an arbitrary morphism π : X → S of schemes and an arbitrary quasi coherent O X -module E. We define the generalized Atiyah class c J (E) and c OX (E) using derivations and sheaves of associative rings and prove various properties of this construction. We end the section with a discussion of explicit examples. We give examples of jet bundles
⊗d and O (1) is the tautological quotient bundle on
Hence the characteristic classes c J and c OX are non trivial.
Let in the following π : X → S be an arbitrary morphism of schemes and let I be an arbitrary quasi coherent left and right O X -module. Let
be a derivation. We may form the quasi coherent sheaf J We may form the quasi coherent sheaf
We may define a left and right O X -structure and a left J 
and (z ⊗ e, f )(x, a) = (z ⊗ ea, f a). One checks for any open sets V ⊆ U it follows the restriction morphism
Similar formulas holds for the right structure as J Define the following π −1 (O S )-linear map:
Lemma 3.2. The following holds:
Proof. The Lemma follows from Lemma 2.7 since the sheaf E is quasi coherent.
The morphism d E is the universal differential operator for E with respect to (I, d). Assume I = Ω 1 X/S and d the universal derivation. We get a map
In the following we view the sequence 3.0.5 as an exact sequence of sheaves of left J 
Assume F is a left J 1 I -module which is quasi coherent as left O X -module. We
Proposition 3.5. The following holds:
Proof. The proof is left to the reader.
We say the sheaf I is abelianized if for all local sections a of O X and x of I the following holds ax = xa. As in Lemma 2.13 We get an isomorphism
Theorem 3.6. Assume I is abelianized. The following holds:
The sequence 3.0.5 is split as sequence of right O X -modules (3.6.1) 
It follows c OX (E) = 0 iff there is an isomorphism
Claim 3.6.4 follows. Claim 3.6.3 is obvious and the Theorem follows.
Hence the characteristic class c OX (E) measures when the sheaf of abelian groups J 1 I (E) is equipped with two non isomorphic structures as O X -module. Example 3.7. The classical case:
Assume in the following Proposition π : X → S is a separated morphism. Let ∆ : X → X × S X be the diagonal embedding. It follows ∆(X) ⊆ X × S X is a closed subscheme. Let J ⊆ O X×S X be the ideal sheaf of ∆(X) and let O ∆ l = O X×SX /J l+1 be the l'th infinitesimal neighborhood of the diagonal. Let p, q : X × S X → X be the canonical projection maps.
Assume π is given by a homomorphism φ : A → B of commutative rings. Let X = Spec(B) and S = Spec(A). Assume E is the sheaffification of a B-module E. It follows J 
m(x)e). One checks we get a commutative diagram of exact sequences
where the middle vertical arrow is the isomorphism φ. Since the map φ is intrinsically defined it glues to give an isomorphism J (E) using d is due to Karoubi (see [6] ). In this case we get the sequence
where P 1 B/A (E) is the first order jet module of E. It is also called the first order module of principal parts of E.
Note: Assume E is a finite rank locally free O X -module. If X is a smooth scheme of finite type over C -the complex numbers, I = Ω 1 X is the module of differentials and d the universal derivation we get the classical Atiyah sequence
The class
is the classical Atiyah class as defined in [2] . It follows c OX (E) = 0 iff E has a connection 
There is a left and right O P 1 -module structure on J
and by [10] isomorphisms
and
of O P 1 -modules. It follows from Theorem 3.6, claim 3.6.
There is an ismorphism Again by [10] if char(K) divides d it follows there is an isomorphism 
Jets and infinitesimal extensions of sheaves
In this section we define and study jet bundles J 
). Make the following definition
Let a ∈ J (U ) and Z = (z ⊗ e, f ) ∈ J 1 I (E)(U ) and define aZ = a(z ⊗ e, f ) = ((az) ⊗ e + p(a) ⊗ f, af ) and Za = (z ⊗ e, f )a = (z ⊗ (ea), f a). this is well defined since the sheaf O X is a sheaf of commutative rings hence E is canonically a sheaf of right O X -modules. It follows for any open subset V ⊆ U there is an equality 
We get a natural exact sequence of sheaves of abelian groups View the sequence 4.1.1 as a sequence of left J and O X -modules. We get two characteristic classes: 
Appendix: Explicit examples
In this section we give some explicit examples to illustrate the constructions made in the previous sections. Let in the following K be an arbitrary field.
Example 5.1. Connections on projective modules.
Let A be a commutative ring with unit and let P be a fintely generated projective
be an exact sequence where A n is the free A-module of rank n. Since P is projective the map q has a section s with q • s = id.
Let F = A n = A{e 1 , .., e n }. Let p i : F → A be defined by p i = e * i . Let q i = p i •s. We get elements e 1 , .., e n ∈ P and q 1 , .., q n ∈ P * satisfying the following:
for any a ∈ P . Define the following map:
Lemma 5.2. The map ∇ is a connection on P .
Proof. The map ∇ is by definition well-defined. We check it is a connection.
a∇(e) + d(a) ⊗ e and the map ∇ is a connection. The Lemma follows.
The universal derivation d : A → Ω 1 gives rise to the Atiyah-Kaorubi sequence
has a canonical left A-structure and a canonical right A-structure. It has by the previous section a non-trivial left A-structure defined as follows:
with a ∈ A and (x ⊗ e, f ) ∈ J 1 (P ). By Lemma 5.2 and Theorem 3.6 there is an isomorphism
of A-modules.
Example 5.3. Generalized Atiyah classes on the projective line
In this example we consider generalized Atiyah-sequences of locally free sheaves on the projective line. We prove that in the case of an invertible sheaf the only nontrivial Atiyah-class arise in the classical case. The aim of the constructions made is to construct new examples of locally free sheaves of left and right modules on the projective line where the splitting type as left module differs from the splitting type as right module.
Let V = K{e 0 , e 1 } and V * = K{x 0 , x 1 } and P = P(V * ) the projective line over
⊗m be the m'th tensor power of the tautological line bundle on P. There is an isomorphism
where Ω 1 P is the cotangent bundle on P. We get an exact sequence
is a derivation and consider the generalized Atiyah-sequence
with respect to (O(m), d). We get a characteristic class
Proposition 5.4. The only non-trivial case is when m = −2,
is the universal derivation and 5.3.1 is the classical Atiyah sequence.
When we use a derivation d : O P → I where I is a higher rank locally free sheaf we may get new examples.
Let I = J P ∼ = O(−2) ⊕ O be the first order jet bundle on P. Define the following derivation d :
{ds, f } and
One checks d 0 , d 1 glue to a derivation d ∈ Der(O P , I). We get for any linebundle O(l) on P an Atiyah-Karoubi sequence
The local structure of J I (O(l)) looks as follows:
-multiplication given as follows:
We aim to construct the structure matrix of the locally free sheaf J I (O(l)) as left O P -module and to see how this matrix depend on the derivation d and the integer l. The splitting type of J I (O(l)) as right O P -module is by the previous section as follows: Note: If K is the field of complex numbers and X a smooth projective scheme of finite type over K, let X(R) denote the underlying real smooth manifold of X. Let KO(X(R)) be the Grothendieck group of the category of real smooth finite rank vectorbundles on X(R). There is a canonical map
sending the class of a locally free finite rank O X -module E to the class of it's underlying finite rank real vectorbundle E(R). In many cases the exact sequence
is split as sequence of real smooth vectorbundles on X(R) since X(R) is a real compact manifold and all short exact sequences of vector bundles split. It follows there is an isomorphism It follows there is an equality γ(c I (E)) = 0 in KO(X(R)). This example motivates the construction given in this paper: The left and right O-module I must be non-abelianized for the class c I (E) to be non-trivial in K 0 (X). The class c I (E) lies in an Ext-group which is computable hence it should be easy to check if there is an isomorphism
There is ongoing work where the characteristic class c I (E) is studied (see [12] ).
